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1 Introduction 



Let us begin by saying that by canonical noncommutative space-time -or simply noncommu- 
tative space-time- we mean the noncommutative space defined by [X'^jX'^] = iu^'^ , where 
u^'^ is a c-number. We shall assume that Lorentz indices are raised and lowered with the 
Minkowski metric (—,+,+,+). 

The formulation of gauge theories on canonical noncommutative space-time that are defor- 
mations of ordinary gauge theories for arbitrary gauge groups in arbitrary unitary representa- 
tions demands, as yet, using the enveloping- algebra formalism. This formalism was set up in 
Refs. [H [21 [3] and put to use in the construction of the noncommutative Standard Model 
a noncommutative deformation of the ordinary Standard Model with no new degrees of free- 
dom -see Refs. [SI El E] for other noncommutative extensions of the ordinary Standard Model. 
The enveloping-algebra formalism was also employed [S] to formulate GUTs in the SU(5) and 
SO(IO) gauge group cases. The nontrivial issue of constructing Yukawa terms -for SO(IO) and 
Eg - within the enveloping-algebra framework was tackled in Ref. [9]. Outside the enveloping- 
algebra formalism, the formulation of noncommutative gauge theories for SO(N) groups was 
also discussed in Ref. [TO] . 

In the enveloping-algebra formalism the noncommutative gauge fields belong to the univer- 
sal enveloping algebra of the Lie algebra of the ordinary gauge group and they are defined in 
terms of the ordinary fields by means of the Seiberg-Witten map. Let us recall that the Seiberg- 
Witten map maps ordinary gauge orbits into noncommutative gauge orbits. When the Seiberg- 
Witten map is computed as a formal power series in the noncommutativity matrix parameter 
u^'^ , the action of the noncommutative theory is expressed as a formal power series in u'^" with 
coefficients that are integrated polynomials in the ordinary fields and their derivatives. Many 
theoretical properties -e.g., renormalizability [HI [121 [131 [HI HSl US], gauge anomalies [T71 ITS], 
existence of noncommutative deformations of ordinary instantons and monopoles [191 [201 [21]- 
of the noncommutative gauge theories so defined have been studied by taking the first few 
terms of the appropriate w'^'^-expanded actions. Some phenomenological properties of the 
noncommutative gauge theories at hand have been analyzed in [221 [23l [Ml [251 [261 [22] • 

The UV/IR mixing effects [28] that occurs in the w^^'-unexpanded noncommutative field 
theories cannot be exhibited in the noncommutative gauge theory constructed by defining the 
Seiberg-Witten map as a series expansion in u'^'^, unless some re-summation of an infinite 
number of terms in powers of u^'^ is carried out: a daunting task. Fortunately, for the 



1 



enveloping- algebra formalism to work [3] it is not necessary that the Seiberg-Witten be given by 
a formal series expansion in the noncommutativity matrix u'^'^ . Indeed, the enveloping-algebra 
formalism works equally well if one considers the Seiberg-Witten map as being given by an 
expansion in the number of ordinary fields, thus leaving its dependence on u'^'^ exact. Hence, 
if one wants to study noncommutative UV/IR effects in theories defined within the enveloping- 
algebra formalism one should use this cj^'^-exact Seiberg-Witten map. This was done for the 
first time in Ref. [29] were it was shown, in the U{1) case with fermions in the adjoint, that if 
the w^'^ dependence of the Seiberg-Witten is handled exactly, then, there is an UV/IR mixing 
phenomenon in the noncommutative theory defined within the enveloping-algebra formalism. 
The analysis of the UV/IR mixing effects was later extended [30] to fermions in the fundamental 
representation coupled to U{1) gauge fields. The UV/IR mixing that occurs in the one-loop 
propagator of adjoint fermions coupled to U(l) fields and its very interesting implications on 
neutrino physics has been deeply analyzed in Refs. [311 [321 [331 [31] ^see Ref. [35] for a recent 
short review. It is worth mentioning that the cohomological technics developed in Refs. [3^ [37] 
-see also [38]- are extremely helpful [39] in the computation of the (cj'^'^-exact) expansion of 
the Seiberg-Witten map in the number of fields. 

Ordinary (i.e., on Minkowski space-time) SO(IO) GUTs -see Ref. [10] for a status review- 
provide appealing extensions of the Standard Model, for the 16 spinor representation of SO (10) 
unifies -within each family- the fermionic matter of the Standard Model plus a right-handed 
neutrino. This is in addition to the unification of the interactions. They also yield tiny 
neutrino masses through the see-saw mechanism. The minimal supersymmetric Grand Unified 
Theory [HI [12] has also other nice features such as 6 — r unification and leads to realistic 
phenomenology if split supersymmetry is at work [13]. Another way to iron out the problems 
that the original minimal supersymmetric SO(IO) GUT gave rise to is to include in it a Higgs 
in the 120 irrep of SO(IO). This proposal was put forward in Ref. [B], were the theory was 
named the new minimal supersymmetric GUT. An extensive analysis of the new minimal 
supersymmetric GUT has been presented in Ref. [15]. 

The purpose of this paper is to formulate the corresponding counterparts of the minimal su- 
persymmetric and the new minimal supersymmetric GUTs, which we have just mentioned, on 
canonical noncommutative space-time. Two preliminary comments are in order. First, these 
GUTs are particularly adequate for their generalization to noncommutative space-time, for all 
the Higgs fields in them have -see Sec. 3- a beautiful interpretation as appropriate elements 
of the Clifford algebra Clio(C) ; and recall that associative unital algebras are key mathe- 
matical objects in noncommutative geometry [56]. This is a feature not shared with SO(IO) 
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GUTs carrying Higgs fields in the 16, 54, etc... irreps of SO(IO) |171 US], wliicfi nonetheless 
should admit noncommutative versions within the enveloping-algebra formalism. Second, it 
is known |l9l [50] that the supersymmetry of the effective U(l) supersymmetric DBI action 
for open strings ending on D-branes in the presence of a constant Neveu-Schwarz S^^, field 
is a nonlinearly realized supersymmetry when the DBI action is written in terms of the or- 
dinary gauge field and its superpartners; whereas is a linearly realized supersymmetry when 
that action is expressed, upon using the Seiberg-Witten map, in terms of corresponding non- 
commutative fields. Hence, when formulated in terms of ordinary fields, the supersymmetry 
of the noncommutative U(l) theory is not the supersymmetry of the corresponding ordinary 
theory, which is obtained by setting the noncommutativity parameter to zero. It also hap- 
pens [50] that noncommutative U(N) superYang-Mills has a linearly realized supersymmetry 
if the theory is expressed in terms of noncommutative fields, and yet that supersymmetry has 
a nonlinear realization when, upon using the Seiberg-Witten map, ordinary fields are chosen 
to formulate the theory. If we have SU(N), the supersymmetric invariance of the noncom- 
mutative supersymmetric theory is linearly realized in terms of the noncommutative fields, 
but cannot be realized by using the ordinary fields that define the former noncommutative 
fields via the Seiberg-Witten map -we shall see that this very situation occurs for the non- 
commutative GUTs that we shall construct. Let us also mention that in the SU(N) case the 
one- loop UV divergent radiative corrections preserve, up to first order in w^^, the structure of 
classical action that is consistent with having linearly realized supersymmetry when the action 
is expressed in terms of the noncommutative fields -see [51] for details. It would thus appear 
that some nice properties of ordinary supersymmetric theories are still maintained through its 
-although hidden- noncommutative linear realization. 

The layout of this paper is as follows. In Sec. 2, we discuss how to obtain the field content 
and action of the noncommutative minimal supersymmetric Grand Unified Theory from the 
noncommutative new minimal supersymmetric Grand Unified Theory. Sec. 3 is a summary 
of the field content and action of the new minimal supersymmetric Grand Unified Theory on 
ordinary Minkowski space-time. We formulate the theory in terms of ordinary superfields in 
the Wess-Zumino gauge and interpret its Higgs superfields as elements of Clio(C) , for this is 
most suitable for its noncommutative generalization. Sec. 4 is devoted to the construction of 
our noncommutative counterpart of the new minimal supersymmetric Grand Unified Theory 
by using the enveloping-algebra formalism. In Sec. 5 of the paper, we make some comments on 
the fact that in the noncommutative theory formulated in the previous section supersymmetry, 
which is linearly realized by the noncommutative fields, is not realized by the corresponding 
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ordinary fields. 



2 The Noncommutative Minimal Supersymmetric Grand Unified 
Theory 

The action of tlie noncommutative minimal supersymmetric Grand Unified Theory is obtained 
from the action of the noncommutative new minimal supersymmetric Grand Unified Theory 
by removing from the latter the Higgs superfield that is constructed from the ordinary Higgs 
field transforming under the 120 irrep of SO(IO). Hence we shall move on directly to the 
construction of the noncommutative new minimal supersymmetric Grand Unified Theory. 



3 The New Minimal supersymmetric Grand Unified Theory on 
Minkowski space-time 

The new minimal supersymmetric Grand Unified Theory was introduced in Ref. [H] - see 
also Ref. Let us spell out its superfield content. First, three -one for each family in the 
Standard Model- chiral scalar superfields, / = 1;2,3, transforming under the 16 irrep 

of SO(IO). The ^^^^ 's contain the fermion fields of the Standard Model plus a right-handed 
neutrino. Secondly, five Higgs chiral scalar superfields, (l>fj;^l.^, <^^l°\ (^^^J^^.^^^ , and 

^^1*^2^3 transforming, respectively, under the 210, the 10, the 126, the 126 and the 120 irreps 
of SO(IO). The indices ii,i2,.... run from 1 to 10, and , $SL4i5 ' "^hhlhi, 

^hhis totally antisymmetric SO(IO) tensors with regard to its ii,i2,.. indices. Further, 
^hi2i3i4i5 ' ^hhlnis ^^^i^fy following duality equations: 

$(126) =_±^ $(126) 

$(T56). . ^ , $(126) 

«1«2«3*4*5 5! ''«1*2*3«4«5*6«7«8*9«10 J6«7«8«9«10 ■ 

Finally, there is the vector superfield, V , taking values in the appropriate -see below- repre- 
sentation of SO(IO). In the Wess-Zumino gauge, V reads 

V = -9a^9 a. + iO^OX - i9^9X + -dWD. 
M 2 

Here we shall adopt the supersymmetry conventions of Ref. [52] . 

Let r* denote the Dirac matrices in 10 Euclidean dimensions. These matrices generate 
the Clifford algebra Qio(C) . We shall see later that a noncommutative version of the new 



4 



minimal supersymmetric Grand Unified Theory can be constructed in a very smart way by 
using the Clio(C) Chfford algebra valued Higgs superfields 

^(210) _ pnpi2pi3pi4^(210) $(10) _ $(126) _ piipi2pi3pj4piB$(126) 

$(126) _ piipi2pi3p«4pi5$(l^'^) . . $(120) _ pii pi2p«3 $(^^0) 

rather than the SO(IO) tensor superfields ^^l^ , , ' ^SL^. ^nd $1^,^ , 

which give rise to the former. 

From now on, the symbol V will stand for the vector supcrfield in the Wess-Zumino gauge 
whose supersymmetric components take values in the 16 016 representation of SO(IO): 

V^^ carry the 45 irrep of SO(IO). Below, we shall use the notation 

= A'^' = ^E'^X'^ = Ie'^X'\ D = hl'W'^ . (3.3) 

Zi Zi Zi Zi 

Let us introduce now the chiral coordinate y — x ^ iQu^Q . Let A be the chiral superfield 
defined as follows 

A = lA^-'S*^ 

K^\y) = -2iea>^^aii{y) - 2e^fX'^{y), 

where ^ is an infinitesimal spinor. Then, the supersymmetry transformation of the vector 
superfield we have introduced -recall that we have chosen the Wess-Zumino gauge- reads 

SY'^V = i^Q + mV + 6aV, (3.4) 

where 

and 5a V is given by the following compensating gauge transformation: 

(^A^= ^>Cy(A + A) + ^£yCoth£^(A-A), CvF^[V,F\. (3.6) 
z z 



In the Wess-Zumino gauge, the supersymmetry transformation of the scalar superfield $y 

^WZ^il^) ^^^Q^ -^Q^ ^(16) ^ ^(16) ^(16) ^ _^ ^^(16) _ 



(16) 



5 



And last, but not least, the Clio(C) Clifford algebra valued Higgs superfields in fl3.ip 
transform under supersymmetry in the Wess-Zumino gauge as follows 

where ^'^^^ stands for any of the scalar superfields defined in f l3.ip . 

The superfields V, $(^10), $(1°), $(126)^ ${126) $(120) gj^g ^ redundant charac- 

terization of the physical system, for there is still the invariance under the following gauge 
transformation 

= -i, n , 5n^^^^ = -i, $^^^] , = 210, 10, 126, l26, 120. 

Notice that Q = ^Q'^^ly)!]^^ , Q^^{x) being infinitesimal real functions. 

Let us define the action, 5* , of the new minimal Grand Unified Theory in terms of the 
superfields introduced above: 

5 = Sym + Sv<i> + Sspot, 

where 

SsYM = i^lm^rJd^d'eW^W^}, ^ = ^ + ^, 

Sy^ = jd^(fd(fe Y.f{^^^%e^''^T^ + Y.H ^Tr(($W)te2^$We-2^), (3-7) 

Sspot = Jd'hsd'^e {Wmatter + Wniggs} + h.C, 

with 

and with H running over the 210, the 10, the 126, the 126 and the 120 irreps of SO(IO). 
In (13. 7p . the coefficients s{H) are symmetry factors with values s(210) = 1/32(1/4!)^, s(10) = 
1/32, s(126) = -1/64(1/51)2, s(T26) = -1/64(1/51)2 and s(120) = -(1/31)^. Wmatter and 
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Wniggs in (13 -Tp denote the superpotentials, which read 
and 

WH.ggs = i|^Tr$(2i°)$(2io) _ ig^Tr + M^^.^m^m ^ 

-iwTr $(120)^(120) 

+ Ai Tr $(210)$(210)^{210) _^ ^^^rJ.^ ^(210)^(126)^(126) _^ ^(10)^(120)^(210) 
+ A4Tr $(^20)^(210)^(126) ^ ;^^r|n^ ^(10)^(210)^(126) ^ ^^^rj.^ ^(10) ^(210) ^(T26) 
+ ArTr $(120)^(120)^(210) ^ ;^gr|n^ ^(120)^(210)^(T26)_ 

In the superpotential Wmatter , the chiral superfield ^^j^^ , / = 1, 2, 3 , is defined as follows 

^f'^ = $f ) B, B=ll r. 

The action of and of 6^ on $j^^^ read 

5VyZ|,(16) ^ g + |,(16) ^ |,(16) ^ |,(16) ^ ^ |,(16) 



respectively. 



For further reference, we shall close this section with the expansion in supersymmetric com- 
ponents of the chiral scalar superfields , / = 1, 2, 3 and , H = 210, 10, 126, 126, 120 , 
defined above: 

*r = 4'^(y) + v^^^r(?/) + 0'Fj''\y), / = 1, 2 and 3, 

$r = 4'^(y) + y^0r\y) + 0'Ff'\y), / = 1, 2 and 3, (3.9) 
$ W = A(^) {y) + 72^^^^^ (y) + ^2f(^) (y) , if = 210, 10, 126, l26, 120. 

A^l^\ 4jf^^ and f)^^^ transform under the 16 of SO(IO). Af^^ = Af^'^ B, i^f^^ = tpf^'^B 
and f)^^^ = Fj^^^^B. A^^\ i/j^^^ and F^^) take values in Clifford algebra aio(C) and 
are constructed from the appropriate components of the corresponding SO(IO) antisymmetric 
tensor superfields. 
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4 The Noncommutative New Minimal Supersymmetric Grand Uni- 
fied Theory 

Here we shall put forward a supersymmetric noncommutative deformation of the new mini- 
mal supersymmetric Grand Unified Theory. This will be a noncommutative field theory on 
the noncommutative superspace defined by the triplet {X^,6°',6°') satisfying the following 
equations: 

= iw'^^ {r,^'^} = o, {r,^^} = o, {r,^^} = o, [x'^,r] = o, [x'^,r] = o. (4.1) 

Let and be infinitesimal Grassmann numbers. Then, the previous set of equations 
is invariant under supertranslations defined thus 

X'm = x^' + iOa^'l - iia^'e, = + O'^ = 9^ + (4.2) 

Hence, one is naturally led to understand supersymmetry as realized by superstranslations 
-modulo gauge transformations, if the Wess-Zumino gauge is chosen- of suitable fields defined 
on the noncommutative superspace introduced above. These suitable fields on our noncommu- 
tative superspace -which we shall call noncommutative superfields- will be obtained by taking 
any ordinary superfield and promoting its components to the category of noncommutative 
fields. Thus we shall leave unchanged the Grassmann structure of the superfields. This is in 
harmony with the fact that there is no deformation of the Grassmann algebra introduced in 

4.1 The noncommutative vector superfield and the super Yang-Mills action 

Taking (13.21) as the starting point, we introduce first the noncommutative vector superfield in 
the Wess-Zumino gauge, V , of our theory: 

V = -Oa^'O + id^X - i9^9\ + ]^eWD. (4.3) 

The components a^. A, A = and Z) are noncommutative fields which -recall that we 
are dealing with a simple gauge group: SO(IO)- are to be constructed from their ordinary 
counterparts by using the formalism put forward in Refs. [H [Sj [8]. That is, a^. A, A and f) 
are functions of a^. A, A , D -in fl3.2p and fl3.3p - and u'^^ that solve the following Seiberg- 
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Witten map equations: 

sCl = sCl, 

_ " _ - _ ^ (4-4) 

The symbol s denotes the ordinary BRS operator, which is defined as follows 
sQ = —iQ Q, 

sa^ = d^Q + z[a^, Q] = V^Vt, sXa = i[Xa, sXa = i[Xa, sD = i[D, Q]. 
s denotes the noncommutative BRS operator, which acts on the noncommutative fields thus: 
sCl = —iCl -k Q, 

. . . . . . (4.5) 

sa^ = df,Q + i[a^, Q]^ = V^Q, sX^ = i[Xa, fi]*, sA^ = i[Xa, ^^]^, sD = i[D, Q]^. 

The symbol * shows that functions are multiplied by using the Moyal product. Let us remark 
that here Q and Cl are the Grassmann functions that define the BRS transformations. Further, 
is a function of and Q -and the other ordinary fields, if that is our choice- that solves 
sCl = sCl in (14. 4p . One obtains a solution to (14. 4p by particularizing the general formulae in 
[39] to the case at hand. 

Let us stress that our definition of noncommutative vector superfield as a function of the 
ordinary fields in the gauge supermultiplet, (a^. A, D) , is quite in keeping with the fact that 
(a^, Xa, D) and (a^ + 6n a^, Xa + 5c Aq,, D + 5q,D) characterize the same field configuration, 
when (5f7 a^, 5^ and D denote infinitesimal gauge transformations. Indeed, one can show 
that 

V[a^ + 5n a^,, A« + 6n A„, D + 6nD] = V[a^, A«, D] + 4 Via,,, A«, D], (4.6) 

where 

6C,V ='-Cy{n + h)+'-CyCOthjCy{n-h), CyF=[V,Fl. (4.7) 

In (14. 6p and (14. 7p . (l denotes the chiral superfield which is obtained from {l{x) by replacing 
x'^ with the chiral coordinate = + iOa^O . Cl{x) , which is the image under the Seiberg- 
Witten map of Vl , defines the noncommutative gauge transformations of , A^ and D : 

4 a,^ = d^Q + 2[a^, Q]^, 6^ Xa = ilK, ^qD = i[D, 

A final comment regarding the superfield gauge transformation in (14.71) . Let Cl{y) be such 
that Cl{xy = Cl{x) , with an Q{x) which does not depend neither on 6 nor on 6. Then, 
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for such an Cl{y) , the transformation in fl4.7p is the most general gauge transformation of the 
vector superfield in the Wess-Zumino gauge which gives a vector superfield in the Wess-Zumino 
gauge. 

Let us now define the supersymmetry transformations of V introduced above. It is plain 
that a supertranslation -see (14.21) - acting on V is generated by C,Q + , with Qa and Qa 
as given in (13.51) . As in the ordinary case, {^Q + C,Q)V contains more components than a 
vector superfield in the Wess-Zumino gauge does, but, analogously to the ordinary case, these 
extra components are not physical since they can be set to zero by an appropriate (field de- 
pendent) noncommutative superfield gauge transformation. Hence, we define the infinitesimal 
supersymmetry transformation of the noncommutative vector superfield as follows: 

= i^Q + ^Q)v + (4-8) 

where A.{y) is the chiral superfield 

A{y) = -2iea^la^{y) -2e''iX{y). (4.9) 

and where the noncommutative superfield gauge transformation 5^ V is obtained by replacing 
VL with A in (14. 7p . Of course, that V as defined in the previous equations looks like 
the ordinary Sf"^ V in and ([31]) comes from the fact that we are not deforming the 

Grassmann part of the superspace. 

From (14.81) one readily deduces the action of on the components, (a^, Aq,, D) , of V : 

cif, = -i Ao-^^ + i fo-^A, 
S^z = (a'^'^Oa Uu + i^a D, (4.10) 

where ff^^, = d^a^ — dyO,^ + i[a^, a,^]^ and V^X^ = d^Xa + i[ci^, Aq,]^ . It is worth mentioning 
that , Xa and D are well-defined functions of the infinitesimal gauge orbit 

of (a^, Aq,L)) , for 

5Y^X[a^ + 6n a^, A, + 6^ A«, D + 6nD] = ^ X, fi], (4.11) 
where X = a^, Xa, D , and generates an infinitesimal ordinary gauge transformation. 
It can be seen that if , A^ , D are solutions to the equations (14. 4p . then 

a'^ = a^ + 5f^(x,, K = K + 5f^Xa, D' = + 5^^0 (4.12) 
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are also solutions to the equations fl4.4p . satisfying the conditions 

Note that af!'^ = d^[u; = 0] , Xa^ = Xa[uj = 0] and -D^°^ = b[uj = 0] , and also note that 
gives -just set u'^" = 0- the ordinary supersymmetry transformations in the Wess- 
Zumino gauge in fl4.10p . The reader should bear in mind that f2[a^, Q, 6] is the same for the 
fields in {afj,,Xa,b) as for their transformed fields a'^, X'^ and D' in (14.121) . It is thus clear 
that imposing invariance under the noncommutative supersymmetry transformations in ( 14.10p 
will be compatible with demanding ordinary gauge invariance, and, hence, with asking for 
noncommutative gauge invariance for SO(IO). 

Now, using de definitions in (I4.10p . it is not difficult to show that 

^, A" = -2 1 - + 6-^ X, (4.13) 

where X stands for any of the fields in (d^, Aq,, D) , A is given by 

A = 2^(eia'^e2-e2a^ei)d^ (4.14) 

and 

5;^ = 9^ A + i[a^, A]^, X^ = z[A„, A]^, Sji^D = [D, A]^ 

are noncommutative gauge transformations. From equation (14.130 one draws the conclusion 
that the space of solutions, (d^, Aq,, D) , of the Seiberg-Witten map equations in (14.40 carries a 
representation of the N' = 1 supersymmetry algebra; a representation which is linear modulo 
noncommutative gauge transformations. 

We are now ready to introduce the noncommutative super Yang-Mills action, Sncsym , 
of our noncommutative new minimal and minimal supersymmetric Grand Unified Theories. 
Firstly, we restrict ourselves to solutions , d^ Aq, and f) to (14.41) which satisfy 

fi[(X' = 0] = Q, d^[u; = 0] = a^, Aq,[u; = 0] = Aq,, Aq,[(X' = 0] = Aq,, b[ijj = 0] = D. 

Secondly, we use this triplet (d^, Aq,, £)) and equation (14.31) to construct the corresponding 
noncommutative V , with noncommutative field strength given by 

Finally, Sncsym is defined as follows: 

Sncsym = ^Imjr Id^x (fOW'^W^^ (4.15) 
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where r = + ^ . S^csym is manifestly invariant under the noncommutative super- 
symmetry transformation in (14. 8p and the noncommutative gauge transformation in (14. 7p . 
Obviously, one reaches the same conclusion is one expresses first S^csym in terms of the 
fields in the noncommutative supermultiplet (a^, Aq, D) and then one uses (I4.10p and ( 14.5p . 

4.2 The Noncommutative Matter and Noncommuative Higgs Superfields and 
their Interactions 

In this subsection we shall apply the ideas put forward in the previous section to the construc- 
tion of the noncommutative superfields that we shall take as the noncommutative counterparts 
of the ordinary matter superfields , / = 1, 2, 3 , and the ordinary Higgs superfileds ^^^"^ , 
H = 210, 10, 126, 126, 120, in fl3.9p . Then, we shall easily built their noncommutative inter- 
actions with the vector superfield of the previous subsection and also construct the noncommu- 
tative superpotential. Thus we shall generalize Sv<s> and Sspot in (13. 7p to the noncommutative 
case. 

Let us introduce the following chiral superfields 

$r = + V2e^f'\y) + d'Ff'\y), / = i, 2, 3, 

¥f^ = Af\y) + V2ei^f\y) + e^Ff'\ylf = l,2,?>, (4.16) 
^(H) ^ A^^\y) + ^ei)^^\y) + e^F^"\y), H = 210, 10, 126,126, 120, 

where A^j^^ , '4^^^^^ , Fj^^^ , A^f^^ , 'fpf^^ , Fj^^^ , A^^'' , ip'^^^ and F'^^^ are noncommutative 
fields, which we shall define below by using the enveloping-algebra formalism of Refs. [H El [8] . 

Firstly, A^f^\ i^f^^ and -fj^^"* are functions of the corresponding ordinary fields, 
A!j^\ ip^j^^^ and Fj^^\x) -see (13. 9p -. the ordinary gauge field -see (13. 3p - and u'^'^ that 
solve the following Seiberg-Witten equations in BRS form: 

sA'-p = sAf'\ ) = s^f\ 5Ff ) = sFj''\ (4.17) 

The action of the BRS operators s -noncommutative- and s -ordinary- on the corresponding 
fields is defined as follows: 

s Af^ = -zn^ Af^ , s i^f^ = ^] * ^ , s Pf^ = -zn^ ^ , 

where Cl is the very same noncommutative object which occurs in (14. 5p . 
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Secondly, cind -fj^^"* are also functions of the corresponding ordinary fields, 

-ijj^^^^ and Fj^^\x) -see fl3.9p -. the ordinary gauge field -see (13. Sp - and uj'^'^ which 
satisfy 

sAf''> = sAf\ = 4^' ^^'^ = ^^r- (4-19) 

The BRS operators s and s act thus on the corresponding fields in the previous set of equation: 

/ / / / / / (4.20) 

where, again, Cl is the very same noncommutative object which enters (14.51) . 

Finally, A''^\ "ip^^^ and F*-^-* are functions of the corresponding ordinary fields, A^^\ if)^^^ 
and F(^) , in (13. 9p . the ordinary gauge field -see (13.30 - and that solve the following 
Seiberg-Witten map equations in BRS form: 

si(^) = si(^), StA^^) = s^(^), sF(^) = sF(^), (4.21) 

where now 



(4.22) 



It is plain that the construction of ^^f^\ ^/^^^ a^id <l>(-'^) yields noncommutative superfields 
that are well-defined on the infinitesimal gauge orbit of the ordinary fields they are functions 
of. Indeed, one readily sees that 

$f ) [a, + a,; Af^ + 6n Af^ ; ^ + ^ ; pf^ + 6n Ff = $(^6) + 4 , 

If +5nir^;v^r = ^^^^^ +4l(^^^ (4-23) 

l>(^) [a, + 6n a,, A(^) + 6n A(^); ^(^) + 6n ^(^); F(^) + 5^ F(^)] = <|.(^) + 4 <|.(^), 
where 

4<|.(16) =_,(]^$(16)^ 41.(16)^^1,(16)^^^ =-2[(i,<|.W],. 

In (14. sp . we have defined the action of the noncommutative supersymmetry operator in the 
Wess-Zumino gauge, , on the vector superfield V . This definition leads to the following 
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action of 5f ^ on ^^^^ , l>f^^ and l>(^) : 



(4.25) 



<5f ^ 1,(16) ^ ^ ^g) 1,(16) ^ |(16)^ ^. 1,(16) ^ ^ 1,(16) ^ (4 34) 

where A is the chiral noncommutative superfield given in (14. 9p . 

The action of on the components of the noncommutative matter and Higgs superfields 
can be worked out from (I4.24p . One obtains thus 

iwz ^ ^ ^la^v^^f^ - 2 1 Af^ * 
<5f^iW = y2e^W, 5f ^V^f ) = y/2i{a^l)^V^A^H)+i^F^H\ 

where 

V.Af^ = ) + za,^Af'\ V,^f'^ = d,^f'^ + za^^V^f \ 

Let us recall -see (14.101) and (14. lip - that the action of on the components of V is well- 
defined on the infinitesimal gauge orbit of the ordinary fields these components depend upon. 
This state of affairs also occurs for the components of the noncommutative matter, ^'f^^ and 

•If) , and Higgs superfields, <|(-^) , H = 210, 10, 126,126, 120 , constructed above. Indeed, if 
(p stands for any of those noncommutative components, then 

where ^ i^T^ = -^^^^T^ ^ ' components of <lf ^ ; 4 (-^f^ v) = ^ ^^^^ , if 

denotes any component of ^f^^ ', and 6q {6^^ 0) = —i '^]* ' "^^^^ they are the com- 

ponents of <1'(^'' the ones we are dealing with. 5q generates the ordinary infinitesimal gauge 
transformations. We then conclude that there is no obstruction to demand gauge invariance 
and invariance under the supersymmetry transformations in (14.250 at the same time. 
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Let denote again any of the noncommutative component fields in {A^j^\'il)^p\F^^^'') , 

{Af'\^^l^\Fj'''^) or Then, using the fact that (f solves the appropriate 

Seiberg-Witten map equations in fl4.17p . (14.191) or fl4.2ip . it is not difficult to show that 

0' = + 6^^0 

solves the same Seiberg-Witten map equation as . Of course, at o;^'^ = 0,0' and differ 
by an ordinary supersymmetry transformation in the Wess-Zumino gauge of <^[(X'= 0] . 

We have seen that the spaces of solutions of the Seiberg-Witten map equations 
in ( ]4.17p . f l4.19p and ( ]4.2ip are constituted, respectively, by the noncommutative matter, 
{Af'\^^l^\Fj'''^), and Higgs, (i(^), ^-W, , triplets. On these 

spaces of solutions acts according to the formulae in fl4.25p . Let us show now that each 
of these spaces of solutions carries a representation of the Af = 1 supersymmetry algebra. 
Taking into account the definitions in (14.250 . one shows that 

[^r^ ^Z']^ = -2 ^ - ^2cr^^i) d,0 + 6j, 0, 

where stands for any of the fields in the noncommutative matter and Higgs triplets we are 
dealing with and 

Of course, this is the same A as for the noncommutative gauge supermultiplet (d^, A^, D) : 
see equations (I4.13P and (14.141) . The noncommutative gauge transformation 6^0 is given by 

5^0 = -^A^0, if ^G(if\^f\Ff^ 
6-^0 = z0^ A, if ^G(lf\^f\Ff)), 
6^0 = -t[A,0U if ^G(i(^),^(^),F(^)). 



We are now ready to introduce the noncommutative deformations, say Sy^ and , of 
Sv<s> and Sgpot in (13.71) . But first, we impose the following conditions on the components of 
the noncommutative matter superfields ^^^^ , ^/^^^ and •l'^^^ : 

Af\u = 0] = Af'\ if\u = 0]=i,f\ Ff)[u; = 0]=Ff\ (4.26) 
iW[a; = 0] = AW, ^f\u = 0] = F(^)[u; = 0] = F^^\ 
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Furnished with the noncommutative superfields ^^^^\ ^^j^^ and <l>(^) whose components sat- 
isfy the conditions in fl4.26p and the noncommutative vector superfield V employed to define 
Sncsym in (14.151) . we define Sy^ and in terms of them as follows 

Ss^t = Jd'xd'e {W^^^ + ly^J + h.c, 



(4.27) 



where 
and 

Wgr^^ = ig^Tr $(210) ^ $(210) _ ll^T, |,(T26) ^ |,(126) + A^^^ |,(10) ^ $(10) 



Tr $(120) ^ $(120) _^ _)^^ $(210) ^ $(210) ^ $(210) 



(4.28) 



64(3!)2 

+ A^^^Tr $(210) * $(126) ^ $(126) _,_ X^^^Tt $(210) * $(126) ^ $(126) 
+ A^^^Tr $(1°) 7^ $(120) ^ 1,(210) ^ ;^(2)rj^ 1,(10) ^ ^(210) ^ 1,(120) 
+ AJ^^ Tr $(120) ^ 1,(210) ^ 1,(126) ^ ;^J2) 1,(120) ^ |,(126) ^ |,(210) 

+ A^^^Tr $(1°) i< $(210) ^ $(126) + ;^(2)Tr $(io) ^ $(126) ^ $(210) 
+ A^^^Tr $(10) * $(210) $(126) + ;^(.2)Tr $(10) ^ $(126) ^ $(210) 

+ A7 Tr $(120) ^ $(120) ^ $(210) 

+ Al^^Tr $(120) $(210) ^ $(126) , ;^(2)r|^ ^(120) ^ ^(T26) ^ $(210) _ 

It is apparent that Sy^ and S"^^ are invariant under the noncommutative supersym- 
metry transformations in (14.241) and the gauge transformations in (14.231) . When Sy^ and 
"^spot ^1'^ expressed in terms of the components of the noncommutative superfields, the cor- 
responding invariance is given by the transformations in (l4.1Up and (14.251) . on the one hand, 
and (US]), (14181) . fOOj) and K22^ . on the other hand. 

We would like to stress that 5"^!, and 5"^^ in (14.271) and (I4.28P almost look like the 
naive deformations of their corresponding ordinary counterparts and Sgpot , which are 

displayed in (13.70 and (13.81) . This likeness we have pointed out partially stems from the fact 
that the components of the Higgs superfields, $(^) , in (14.161) take values in the Clifford algebra 
Clio(C) . Notice that the doubling that occurs in some of the terms in is due to the 
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fact that given three functions /i , /2 and /a , then 

j i^x f^-kf2-kf3^ J i^x fi-kfs-k /a, 
unless two of them are equal. 

Finally, it is easy -although lengthy- to express Sy^ and in terms of the ordinary 

fields. To do so, one first obtains explicit expressions for A^f^\ tpf^\ ^^f^\ "^f^^^ "^/^^^' 

A^^\ 'tjj'^^^ and F^^'^ in terms of the corresponding ordinary fields: the reader has only to 
particularize the general expressions in Ref. [39] to the case at hand. Then, one substitutes 
those expressions in (14.271) and (I4.28P and does the lengthy arithmetic. 



5 Final Comments 

In this paper we have formulated the minimal and new minimal supersymmetric GUTs on 
canonical (i.e., = iuj^^ ) noncommutative space-time by using the enveloping- algebra 

formalism. Taking advantage of the Seiberg-Witten map, we have constructed noncommuta- 
tive superfields in the Wess-Zumino gauge out of the ordinary components of the corresponding 
ordinary superfields. Thus supersymmetry is linearly realized explictly in terms of the non- 
commutative fields. However, unlike in the U{n) case in the fundamental representation, the 
noncommutative supersymmetry transformations in f l4.10p cannot be generated by applying 
the Seiberg-Witten map to an a; -deformed transformation of the ordinary fields. Indeed, it 
can be shown -as in Ref. [50]- that the equations 

fl/x + = ^mI'^m + h '^M' + 4 -D + 4 -D], 

K + K = + Si: a^, A„ + 6^ A„, D + 6^ D], 
D + 5f ^ f) = f)[a^ + 6^ a^, A, + 6^ X^, D + 6^D] 

are not satisfied by any 5^ , 6^ Xa and in the Lie algebra of 50(10), if 

y ■ ) ■ ]; Aq,[ ■ , ■ , ■ ] and D[- , ■ , ■ ] define Seiberg-Witten maps. Analogously, it is not diffi- 
cult to see that the noncommutative supersymmetry transformations of the noncommutative 
Higgsses and their superpartners in (I4.25p cannot be generated from variations of the corre- 
sponding ordinary fields as follows: 

AW + A^^ = i(^) [a, + 6i:a„ A^^^ + 6^ A^^^ , 4""^ + 4 i^i"^ , i^^""^ + F^^^] , 
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where A^^^[- , - , -, -l^pi^^- , ■,-,■] and F^^^[- , ■,-,■] give Seiberg-Witten maps. In sum- 
mary, the supersymmetry of our noncommutative SO(IO) theories is not reahzed by the ordi- 
nary fields, but, recall, it is linearly realized by the noncommutative fields. Let us point out 
that in the U(n) case -in the fundamental representation or its siblings- such realization of 
the supersymmetry transformations in terms of ordinary fields exists, but it is at the cost of 
being a nonlinear u -dependent transformation -see [50] . 

It is thus clear that if one uses ordinary fields -the fields that create and destroy leptons, 
quarks, photons, gluons, etc.- to formulate, via the Seiberg-Witten map, our SO(IO) super- 
symmetric theories on noncommutative space-time, the picture that emerges as regards to the 
the supersymmetry properties of those ordinary fields differs radically from the picture that 
materializes when those very fields are used to formulate the corresponding supersymmetric 
theories on ordinary Minkowski space-time. Indeed, when space-time is noncommutative there 
is no supersymmetry in terms of the ordinary fields, although there is a hidden supersymmetry 
that reveals itself when the noncommutative fields are used. It is to early to say whether this 
absence supersymmetry for the ordinary fields in the noncommutative theory can be acceptecj^ 
as a supersymmetry breaking mechanism relevant for the description of Nature: If so, it would 
be the noncommutative character of space-time that breaks through interactions the super- 
symmetry carried by ordinary fields when u^'^ = . It is cleat that more understanding of the 
properties of the theories at hand is needed before a verdict is issued. It should be noticed that 
the logarithmic UV/IR mixing phenomena of noncommutative supersymmetric theories [53] 
may be key to interpreting as a phenonologically relevant supersymmetry breaking mechanism 
the fact that supersymmetry is not realized by the ordinary fields in the noncommutative 
theory, for otherwise the lower the energy the closer we would be to u^'^ = , where super- 
symmetry is realized (linearly) by the ordinary fields. Hence, it would seem right to think that 
in defining the GUTs introduced above the Seiberg-Witten map should not be understood 
as a formal power series expansion in u'^'^ , but in an w'^^'-exact form way-see Ref. [39] for 
the appropriate formulae. Let us point out that the cj-exact Seiberg-Witten map is not a 
polynomial in the * -product, so there may be UV/IR mixing even though the gauge group is 
simple. 

It is plain that there are many issues -UV/IR mixing, renormalizability, vacua,...- regarding 
the noncommutative GUTs we have introduced above that should be studied to gain more 
understanding of the properties of these theories. In particular, it is an open problem to see 

thank P. Schupp for raising this issue 
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whether our noncommutative GUTs fit in F-theory -or more generally in the String Theory 
framework- were the SO(IO) group occurs naturally and were noncommutativity effects have 
been unveiled [5^ . 



6 Acknowledgements 

This work has been financially supported in part by MICINN through grant FPA20 11-24568. 
I should like to thank P. Schupp for helpful discussions and encouragement. 



References 

J.Madore, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 16 (2000) 161 



[1 

[2 

[3] 

[4] 

[5 

[6' 
[7 



[9 
[10 



[arXiv:hep-th/0001203] . 

B. Jurco, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 17 (2000) 521 
(a?Xiv:hep-th/0006246| . 

B. Jurco, L. MoUer, S. Schraml, P. Schupp and J. Wess, Eur. Phys. J. C 21 (2001) 383 
|arXiv:hep-th/0104153| . 

X. Calmet, B. Jurco, P. Schupp, J. Wess and M. Wohlgenannt, Eur. Phys. J. C 23 (2002) 
363 [arXiv:hep-ph/0111ll5l . 



M. Chaichian, P. Presnajder, M. M. Sheikh- Jabbari and A. Tureanu, Eur. Phys. J. C 29 
(2003) 413 |arXiv:hep-th70107055] . 

V. V. Khoze and J. Levell, JHEP 0409, 019 (2004) |arXiv:hep-th/0406178| . 

M. Aral, S. Saxell and A. Tureanu, Eur. Phys. J. C 51 (2007) 217 | arXiv:hep-th/0609198| . 

P. Aschieri, B. Jurco, P. Schupp and J. Wess, Nucl. Phys. B 651 (2003) 45 
|arXiv:hep-th/0205214| . 

C. P. Martin, Phys. Rev. D 82 (2010) 085020 [ arXiv: 1008. 18711 [hep-ph]]. 

L. Bonora, M. Schnabl, M. M. Sheikh- Jabbari and A. Tomasiello, Nucl. Phys. B 589 
(2000) 461 | arXiv:hep-th/000609l| . 



19 



[11] M. Buric, D. Latas and V. Radovanovic, JHEP 0602 (2006) 046 |arXiv:hep-th/05 10133]. 

[12] M. Buric, V. Radovanovic and J. Trampetic, JHEP 0703 (2007) 030 
|arXiv:hep^/0609073] . 

[13] M. Buric, D. Latas, V. Radovanovic and J. Trampetic, Phys. Rev. D 77 (2008) 045031 
|arXiv:0711.0887l [hep-th]]. 

[14] C. P. Martin and C. Tamarit, Phys. Rev. D 80 (2009) 065023 |arXiv:0907.2464 [hep-th]]. 

[15] C. Tamarit, Phys. Rev. D 81 (2010) 025006 |arXiv:0910.5T95l [hep-th]]. 

[16] C. P. Martin and C. Tamarit, JHEP 0912 (2009) 042 |arXiv:0910.2"677l [hep-th]]. 



[17] C. P. Martin, NucL Phys. B 652 (2003) 72 |arXiv:hep-th/0211164 



[18] F. Brandt, C. P. Martin and F. R. Ruiz, JHEP 0307 (2003) 068 |arXiv:hep-th/0307292l . 

[19] C. P. Martin and C. Tamarit, JHEP 0602 (2006) 066 |arXiv:hep-th/05 12 016]. 

[20] C. P. Martin and C. Tamarit, JHEP 0701 (2007) 100 |arXiv:hep-th/0610115| . 

[21] A. Stern, Phys. Rev. D 78 (2008) 065006 jarXiv:0804.3121l [hep-th]]. 

[22] B. Mehc, K. Passek-Kumericki and J. Trampetic, Phys. Rev. D 72 (2005) 057502 
|arXiv:hep^/0507231] . 

[23] A. Alboteanu, T. Ohl and R. Ruckl, Phys. Rev. D 74 (2006) 096004 
[arXiv:hep-ph/0608155| . 

[24] M. Buric, D. Latas, V. Radovanovic and J. Trampetic, Phys. Rev. D 75 (2007) 097701. 

[25] C. Tamarit and J. Trampetic, Phys. Rev. D 79 (2009) 025020 |arXi7:0812.1731l [hep-th]]. 

[26] M. Haghighat, N. Okada and A. Stern. iarXiv: 1006. 10091 [hep-ph]. 

[27] J. Trampetic. larXiv:0901. 12651 [hep-ph]. 

[28] S. Minwalla, M. Van Raamsdonk and N. Seiberg, JHEP 0002 (2000) 020 |hep-th/9912072] . 

[29] P. Schupp and J. You, JHEP 0808 (2008) 107 [arXiv: 0807.48861 [hep-th]]. 

[30] M. Raasakka and A. Tureanu, Phys. Rev. D 81 (2010) 125004 |arXiv:1002.4"53T] [hep-th]]. 



20 



[31] R. Horvat, D. Kekez, P. Schupp, J. Trampetic and J. You, Phys. Rev. D 84 (2011) 045004 
[arXiv: 1103.3383 [hep-ph]]. 

[32] R. Horvat, A. Ilakovac, J. Trampetic and J. You, JHEP 1112 (2011) 081 |arXiv: 1109.2485) 
[hep-th]]. 

[33] R. Horvat, A. Ilakovac, P. Schupp, J. Trampetic and J. You. larXiv: 11 09.3085 [hep-th]. 

[34] R. Horvat, A. Ilakovac, P. Schupp, J. Trampetic and J. You, JHEP 1204 (2012) 108 
|arXiv:1111.4"95T] [hep-th]] . 

[35] J. Trampetic. larXiv: 1 302.0656 [hep-ph]. 

[36] G. Barnich, M. A. Grigoriev and M. Henneaux, JHEP 0110 (2001) 004 [hep-th/0106188j . 

[37] G. Barnich, F. Brandt and M. Grigoriev, Nucl. Phys. B 677, 503 (2004) |hep-th /0308092]. 

[38] K. Ulker and B. Yapiskan, Phys. Rev. D 77 (2008) 065006 [arXiv:0712.0506l [hep-th]]. 

[39] C. P. Martin, Phys. Rev. D 86, 065010 (2012) |arXiv:1206.2"8l4l [hep-th]]. 

[40] G. Senjanovic, Riv. Nuovo Cim. 034 (2011) 1. 

[41] C. S. Aulakh and R. N. Mohapatra, Phys. Rev. D 28 (1983) 217. 

[42] C. S. Aulakh, B. Bajc, A. Melfo, G. Senjanovic and F. Vissani, Phys. Lett. B 588 (2004) 
196 [hep-ph/0306242] . 

[43] B. Bajc, I. Dorsner and M. Nemevsek, JHEP 0811 (2008) 007 jarXiv:0809. 10691 [hep-ph]]. 

[44] C. S. Aulakh and S. K. Garg, Nucl. Phys. B 757 (2006) 47 |hep-ph/0512224| . 



[45] C. S. Aulakh and S. K. Garg, Nucl. Phys. B 857 (2012) 101 |arXiv:0807.09T7l [hep-ph]]. 

[46] J. M. Gracia-Bondia, J. C. Varilly and H. Figueroa, Boston, USA: Birkhaeuser (2001) 
685p 

[47] K. S. Babu and S. M. Barr, Phys. Rev. D 48 (1993) 5354 |hep-ph/930 6242]. 



[48] V. Lucas and S. Raby, Phys. Rev. D 54 (1996) 2261 | hep-ph/9601303| . 
[49] N. Seiberg and E. Witten, JHEP 9909 (1999) 032 [hep-th/9908142| . 



21 



[50] C. P. Martin and C. Tamarit, JHEP 0811 (2008) 087 [arXiv:0809.2684 [hep-th]]. 
[51] C. P. Martin and C. Tamarit, JHEP 0911 (2009) 092 ^arXiv:0907.2437l [hep-th]]. 
[52] J. Wess and J. Bagger, Princeton, USA: Univ. Pr. (1992) 259 p 



[53] F. R. Ruiz, Phys. Lett. B 502, 274 (2001) [ hep-th/0012171| . 

[54] S. Cecotti, M. C. N. Cheng, J. J. Heckman and C. Vafa. larXiv:0910.0477l [hep-th]. 



22 



